Transgression of the characteristic classes taking values in the differential forms is a reach source of the interesting algebraic objects. The examples include Chern-Simons and Bott-Chern forms which are given by the transgression of the Chern character form. Chern-Simons forms are defined for a vector bundle over an arbitrary real manifold and are connected with the representation of combinations of Chern classes by the exact form ω = dφ. Bott-Chern forms are defined for holomorphic hermitian vector bundles over Kähler manifolds. These additional structures allow to use the double transgression ω = ∂∂φ to define this invariant. Basically the existence of this representation is a consequence of the action of the multiplicative group of complex numbers C * on the cohomology of an arbitrary Kähler manifold.
define the higher analytic hypertorsion for families of hyperholomorphic bundles on compact hyperkähler manifolds. An explicit formula for the zero-degree part is given in terms of the Laplace operators acting on sections of the vector bundle twisted by the bundle of the differential forms.
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Generalization of dd c -lemma for hyperkähler manifolds
To put the result of this section in the right perspective we begin with the well-known cases of the Riemannian and Kähler manifolds and then consider the case of the Hyperkähler manifold.
Let us given a one-dimensional family of the closed differential forms ω on the compact Riemannian manifold M with the constant image in the de Rham cohomology group.
It implies that the variation of the differential form is exact:
In the presence of the metric on the manifold M one could chose the unique representative for the form φ. Let d be the exterior derivative operator, d * be a conjugated operator with respect to the natural scalar product on the differential forms defined by the metric. Then the corresponding Laplace operator ∆ = dd * + d * d and its Green function G are defined:
where H is the projector on the harmonic forms. Using the standard considerations [12] one gets the following explicit expression for the form φ.
Consider now the case of the Kähler manifold M . Let I be an automorphism of the cotangent bundle corresponding to integrable covariantly constant complex structure on M . One could extended the action of I on k−forms for arbitrary k as:
Definition 1 The Lie algebra g M generated by ad I is called an isotropy algebra, and the corresponding Lie group G I = U (1) is called an isotropy group.
Considering I as an element of the isotropy group G M we have I(α 1 ∧ ... ∧ α k ) = I(α 1 )... ∧ I(α i ) ∧ ...I(α k )
Given a complex structure I, one can introduce the differential operator d I = [ad I , d]. Since ad I (ω) = i(p − q)ω for ω of type (p, q) we have d I = i(∂ I −∂ I ). Considering I as an element of the group (I(ω) = i p−q ω), the new differential may be represented as d I = IdI −1 . These two equivalent representations of d I immediately imply
It is useful for further generalizations to introduce the differential operator d x = x 0 d + x 1 d I parameterized by the point of the complex plane (x 0 + x 1 i) ∈ C. We also define the operator x = x 0 N + x 1 ad I where N is the grading operator acting as k on the differential k-form. These operators have the following obvious properties:
Let us given a one-dimensional family of the closed G M = U (1) invariant differential forms ω(t) on a compact Kähler manifold M . Suppose this family has the constant image in de Rham cohomology of M . Thus we have the conditions:
In particular the last condition implies that the form ω is d I -closed and thus the following theorem (Hodge "dd c -lemma") is applied: Theorem 1 [12] Let ω be a d-exact and d I -closed form on a compact Kähler manifold. Then: ω = dd I χ Therefore the variation of the form ω is dd I -exact:
The explicit formula for χ may be given in terms of the Laplace operator and its Green function (see e.g. [12] ):
Here we have used the relations (10) (11) . Note that the condition (14) may be substituted by a more strong condition on the complex valued differential form ω to be an eigenvalue of the operator ad I . This gives rise to the same representation (15) .
The next case to consider is the differential forms on hyperkähler manifolds. On a hyperkähler manifold we have a family of integrable complex structures
parameterized by the points of the sphere S 2 , such that M is Kähler with respect to any C.
by the points on the quaternioinic plane x = x 0 + x 1 i + x 2 j + x 3 k ∈ H and the operator x = x 0 N + x 1 ad I + x 2 ad J + x 3 adK acting on the differential forms. These operators satisfy the following relations:
Proof. 
Using these identities, one can infer that the action of the invertable quaternion U by the conjugation on d x has a simple form:
(ii) Obviously {d x , d y } is conjugated to {d, dx y } and therefore (ii) is the consequence of (8) .(iii) Since the action of the isotropy group G M is unitary one has
Let L C = ω C ∧ be the Hodge operator of the multiplication on the Kähler form for the complex structure C and Λ C = L * C be its conjugate. Kodaira's identities
imply the following relations: 
where U = |x| −1 x. Finally (iii) follows from the fact that ∆ is G M −invariant. Consider a one-dimensional family of the closed G M = Sp(1)-invariant differential forms ω(t) on a compact hyperkähler manifold M and suppose ω(t) has the constant image in the de Rham cohomology:
The last condition implies that ω(t) is d C -closed for any C. We would like to show that the variation of the differential form admits the following representation:
The variation of the form is exact and the result follows from the proposition: 
Proof. Note that if ω is exact and d C -closed then by Hodge theorem ω is d C −exact for all C.
In particular ω is of type (p, p) with respect to any C from the hyperkähler family. Let G be the Green operator associated with the Laplacian ∆. Then by taking into account that ω is d C −exact we obtain
For a four dimensional manifold this relation may be further simplified.
Proposition 3 Let M be a hyperkähler manifold of dimension 4 and let ϕ be a smooth function with a compact support. Then dd
I d J d K (ϕ) = 16vol M ∆ 2 (ϕ).
Proof.
Taking into account the properties of the differentials and Kähler forms under conjugation:
we have the following generalized Kodaira identities:
Let ϕ be a function with a compact support. With the help of (25), (26) we easily derive the relation
For an arbitrary top degree differential form ψ on a four dimensional Kähler manifold M there is a simple relation: (Λ 2 C ψ) vol M = 2ψ where vol M is the volume form on M . Therefore we have the formula:
Higher analytic hypertorsion forms
The conditions on the differential forms discussed in the previous section naturally arise when the characteristic classes of vector bundles are considered. Suppose we have a vector bundle E over the Riemannian manifold M . According to Chern-Weil theory the choice of the connection on the bundle allows to construct the Chern character with values in the closed differential forms. The image in the cohomology lies in the integer lattice H even (M, Z) and gives the topological invariant of the bundle. The smooth deformations of the bundle do not change the cohomology class of the corresponding differential form and the conditions (1), (2) are satisfied. The exactness of the variation of the Chern form allows to construct Chern-Simons differential forms. For instance considering the second Chern class c 2 = − 1 8π 2 T rF ∧ F for a one dimensional family of the connections on the bundle parameterized by the variable t we get an example of the Chern-Simons form CS(A) = T r(A ∧ dA + 2 3 A 3 ) through the relation:
In the case of holomorphic bundles on the Kähler manifold the choice of a hermitian metric on the bundle leads to the Chern character form subjected to the additional condition. The corresponding cohomology classe should be invariant under the natural action of U (1) on the cohomology of the Kähler manifolds. Thus we have all the conditions (12), (13) , (14) satisfied and this allows to define Bott-Chern differential forms (i.e. see [7] for the detailed discussion) .
The next interesting case is a hyperholomorphic bundle on the hyperkähler manifold. Hyperholomorphic bundle is a hermitian bundle vector bundle which is holomorphic with respect to any of the compatible holomorphic structures associated with the hyperkähler manifold. The corresponding characteristic classes are subjected to the condition to be invariant with respect to the action of the isotropy group on the cohomology [17] . This provides additional condition (22) and allows to apply the generalization of the dd c -lemma from the first part of the paper. Thus we have derived the existence of the fourth order transgression of the Chern character form of an arbitrary hyperholomorphic vector bundle. Note however that this arguments is global and one could wonder if there exists a simple local expression for the resulted differential form.
Below we give the explicit answer for one particular interesting example. We consider the infinite dimensional hyperholomorphic bundles naturally arising from the families of the hyperkähler manifolds supplied with a finite dimensional hyperholomorphic bundle. We provide local construction of the fourth order transgression in this case and give the explicit formula for the resulted resulted generalized higher torsion form (hypertorsion form). Local construction for the general case of an arbitrary hyperholomorphic bundle will be discussed elsewhere.
Consider the local universal family π : M ×B → B of the deformations of a hyperholomorphic bundle V with a hermitian metric on the fiber M parameterized by B. Let W be a corresponding universal bundle over M × B. The family of the Dirac operators D = D − + D + acting along the fiber M on the twisted spinor bundles
on the base of the fibration. This provides two closed differential forms on the base B. The first form is the product of the Chern character of W and A class of the tangent bundle to M integrated over the fiber of the projection. The other one is the product of the Chern class of W supplied with the L 2 metric. The local families index theorem of Atiyah and Singer [1] claims that:
One can construct a one-dimensional family of Quillen superconnections acting in the associated infinite dimensional hyperholomorphic bundle W of twisted spinor sections Γ(E| M , M ) over B. This gives rise to the representative of the Chern character in the differential forms interpolating between the l.h.s. and r.h.s. of (29). Locally over B both parts of (29) are given by exact forms and by the general properties of the Chern classes of hyperholomorphic bundles [17] are G M = Sp(1)-invarinat. We derive the explicit formula for fourth order transgression of their difference. This defines hypertorsion differential form for the families of hyperholomorphic bundles. Let us start with short description of Quillen superconnection formalism. Consider Z 2 −graded vector bundle E and let τ be the operator defining the Z 2 -grading on E i.e. τ = ±1 on E ± . The algebra End(E) is naturally Z 2 graded algebra. We set a Z 2 −grading to the bundle of E-valued differential forms Λ * (E, M ) as a graded tensor product. For A, A ′ ∈ Λ * (E, M ) the supercommutator [A, A ′ ] is given by:
Z 2 -grading allows to define supertrace Str(A) as:
with the property to be zero on supercommutators.
The form Str(e −∇ 2 ) is a closed differential form representing Chern character of the virtual bundle E + ⊖ E − :
Thus defined Chern classes differ from the standard Chern classes by the multiplication of the degree 2k components by (2πi) k . In the following we will always this normalization.
Let us given an odd self adjoint operator V acting on E (i.e odd section of End(E)). We could combine it with the connection to get the Quillen superconnection on Z 2 -bundle E.
In fact, we could construct a family of the superconnections depending on a real positive parameter t ∈ R + :
Here ∇ and V are even and odd parts of the superconnection. The space B of local deformations of a hyperholomorphic bundle V on M is naturally supplied with a hyperkähler structure. We show that Quillen superconnections defined over the base B and extended base B × H are hyperholomorphic.
Proposition 4 Let B be a space of local deformations of a hyperholomorphic vector bundle with a hermitian metric over a hyperkähler manifold M . (i) The superconnection
Chose a hyperkähler structure on quaternionic plane x = x 0 + x 1 i+ x 2 j + x 3 k ∈ H by considering the right multiplication by quaternionic units −i, −j, −k.
Then the superconnection
Proof.
(i) Let C be a complex structure compatible with the hyperkähler structure on B×M . We will use the results from the end of the Appendix B. 
In particular for A t,C = i(A ′ t − A ′′ t ) the following identities holds:
Note that here C acts on the total tangent bundle to B × M . Taking into account that (34) holds for any C we infer that A t is hyperholomorphic over B.
(ii) Note that [ad φ , D x ] = D φx , where φ = φ 1 I + φ 2 J + φ 3 K is an arbitrary generator of Sp(1)−action on twisted spinors. Let us start with the complex structure defined by I.
Therefore their squares are equal to zero. Let us decompose A x = A ′ + A ′′ , where
Since (z 1 , z 2 ) are holomorphic coordinates on H with respect to right multiplication by −i the superconnection A is holomorphic on B × H. The same arguments work for any compatible complex structure C. Taking into account the isomorphism S ⊗V ≃ Λ ( * ,0) C (V, M ) for any complex structure C we conclude that A x is hyperholomorphic over B × H.
Consider the Chern character form defined by superconnection A t (see [6] , [4] , [7] ):
It interpolates between Chern character form ch( W ) for the L 2 -metric on the index bundle W and characteristic class ch(W) A(T M ) integrated along the fiber:
where ch(W) is Chern character form of the canonical connection on the bundle W over M × B and A(T M ) is the multiplicative genus given by the power series:
) of the curvature of the Levi-Chivita connection over M .
Theorem 2 The following transgression formula holds:
where
is a higher hypertorsion differential form. The zero degree part of β
may be expressed in terms of the Laplace operators ∆ q acting on q-froms: D 2 = q ∆ q as the logarithm of the hypertorsion T h :
The definition of the "regularized" integral
dt t is given in Appendix A. First we give a simple local argument in favor of the existence of the fourth order transgression and then give the formal proof of the theorem.
Taking into account the identity which follows from Proposition 3 :
we have the following representation:
This leads to the fourth-order transgression of the difference of the Chern character forms:
This representation provides the direct generalization of the representation for the higher holomorphic torsion form in terms of the integration over auxiliary complex plane given [11] .
One could reduce the expression in r.h.s. to the one given in the Theorem 2. However to make analytic regularization more explicit we proceed with the direct derivation of (39)(40).
Proof of the theorem.
Let us start with the following lemma.
Lemma 1 We have:
Proof. By simple calculation using the relations A 2 t = A 2 t,I , [A t,I , A 2 t ] = 0 (see [7] for similar considerations) we get:
Thus we have the relation:
Applying the formula of differentiation:
we derive
The first part of the expression is equal to
Acting by t∂ t on (48) and using the result of the previous calculation we get
The next step is to obtain α.
Note that using:
one could get the following relations:
So we have
Taking into account (51) we derive:
After substitution of (54) in (50) we obtain:
By using (48) we immediately prove the lemma. Let us apply (64) to the combination
2 ) as t → ∞. Thus we have:
Taking into account (47) we have proved the first part of the theorem. Now let us prove the formula for the zero-degree part of hypertorsion form.
It is clear that
The following identity from the Appendix A being applied to the trace of the positive selfadjoint operatorĤ:
immediately leads to the representation of the zero-degree part of the hypertorsion form β 0 in terms of infinite determinants.
Recall that ad I acts on (q, 0)−forms on 4k-dimensional Kähler manifold as i(q − k). So (ad I ) 2 = −(q − k) 2 and hence
where ∆ q is the Laplace operator acting on W valued (q, 0)−forms, ∆ = D 2 = q ∆ q , and det ′ ∆ q is the regularalized determinant. We have
The usual analytic torsion for holomorphic bundle over a complex manifold (see [4] , [7] , [15] )
is given by T = 2k q=0 (det ′ ∆ q ) q(−1) q . In the following lemma we prove that analytic torsion for a hyperholomorphic bundle over a hyperkähler manifold is trivial.
Lemma 2 Let M be a hyperkähler manifold and let V be a hyperholomorphic bundle over M . Then T = 1.
Proof.
Let us write down the expression for logT in the following form:
λ be the eigen-spaces of ∆ ± , where
Thus we conclude that 
There is an interesting particular case of the theorem we have proved. Let dimM = 4 and ch [2] be a component of the Chern character taking values in four-forms . In this case T h = (det ′ ∆ 0 ) 2 and we have:
If in addition dimB = 4 then
This formula was proposed in the physical literature in [16] , [8] for the case of M = T 4 and in [9] (see also [3] ) for the instantons over M = R 4 .
Appendix A: Regularization of integrals.
In this appendix we define the regularization of some class of the integrals using analytic continuation. This regualrization is a standard tool in the theory of higher analytic torsion [6, 7] Let G(t) be a continuous function defined for t > 0 with sufficiently rapid decay as t → ∞. We also assume that it has an asymptotic expansion as t → 0:
The following integral:
converges for Re(s) > n and has the analytic extension to the whole complex plane. We define the value of ( in general divergent) integral as follows:
For instance by this definition for G(t) = e −th we have:
Note that thus defined integral has the usual property for the total derivative of a regular function:
unitary complex numbers normalized vacuum vector |1 , which satisfies the following conditions: Cl(W )|1 = 0 and S = Cl(W )|1 . The module S descends a natural Z−grading from the space Cl(W ) = n q=0 Cl q (W ). One can verify that
Let V be a self-adjoint H−module of dimension 4k. The correspondence between the families of complex structures C and the associated 2−forms ω C immediately leads to the inclusion sp(1) ֒→ Cl(V ), C → 1 2 c(ω C ), which can be exponentiated inside Cl(V ) to the inclusion Sp(1) ֒→ Spin(V ). Therefore the group of unitary quaternions Sp(1) acts on the spin module S, such that
Let us consider the spin module S over Cl(V ) as the linear space of (p, 0)−forms with respect to I. Then we have the following simple property:
is of type (2, 0) with respect to I. Moreover, the operator e acts as the exterior product with Ω and the operator f acts as the contraction with Ω.
Since h |Λ q,0 (V ) = q − k, where q = 0, ...2k we see that the operator h defines Z−grading on S. The action of one-forms Λ 1 (M ) on E defines a C ∞ (M )−linear morphism of bundles over M , written as Λ 1 (E ∓ , M ) → Γ(E ± , M ). So one can introduce a generalized Dirac operator, acting as follows:
Let us define a spin bundle as a Clifford bundle of spin models. Given an almost complex structure I one can construct a bundle of spin modules. If the Riemannian manifold is Kähler we have a subbundle of (p, 0)−forms Λ * ,0 (M ). This bundle has the structure of the Clifford module. More generally there is Let M be a hyperkähler manifold. Then there is a covariantly constant inclusion of Sp(1) as the gauge subgroup of Clifford bundle's sections. Using a fixed complex structure I from the hyperkähler family of complex structures, we can construct a spin bundle S over M as above. On the hyperkähler manifold thus constructed spin bundle does not actually depend on the choice of the complex structure I. This observation may be exploited to prove the following proposition. Consider the spin bundle S over Cl(M ) as the bundle of ( * , 0)−forms with respect to I. Then Ω = 1 4 (ω J − iω K ) is covariantly constant (2, 0)−form, therefore Ω is holomorphic. As a direct consequence of this fact and the Proposition 5 one can obtain, that the operator e acts as the exterior product with Ω and the operator f acts as the contraction with Ω on the space of twisted spinors. The last space is identified with the space of ( * , 0)−forms.
